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Let Q(n) denote the number of partitions of an integer n into distinct parts. For
positive integers j, the first author and B. Gordon proved that Q(n) is a multiple
of 2 j for every non-negative integer n outside a set with density zero. Here we show
that if i  0 (mod 2 j ), then
*[0nX : Q(n)#i (mod 2 j )]>>j - X  log X.
In particular, Q(n) lies in every residue class modulo 2 j infinitely often. In addition,
we examine the behavior of Q(n) (mod 8) in detail, and we obtain a simple ‘‘closed
formula’’ using the arithmetic of the ring Z[- &6].  2000 Academic Press
1. INTRODUCTION AND STATEMENT OF RESULTS
A partition of a non-negative integer n is any non-increasing sequence of
positive integers whose sum is n. In this paper we examine Q(n), the
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number of partitions of n into distinct parts. The generating function for
Q(n) is given by the infinite product
:

n=0
Q(n) qn := ‘

n=1
(1+qn)=1+q+q2+2q3+2q4+3q5+4q6+5q7+ } } } .
(1.1)
In some recent papers, Alladi [A1, A2, A3] has studied the 2-adic
behavior of Q(n) using combinatorial methods. In particular, Alladi has
obtained the following striking formula for Q(n);
Q(n)=:
k
g3(n, k) 2k,
where g3(n, k) :=& g3(n; &, k) and g3(n; &, k) denotes the number of
partitions of n into & parts of the form
n=b1+ } } } +b&
with minimal difference three with the additional property that there are
precisely k gaps bl&bl+14. (Note. The convention is made that
b&+1=&1.) Alladi examines the residue of Q(n) (mod 2 j ) for small j by
studying the combinatorics associated to his g3(n, k) functions.
Here we study the behavior of Q(n) from a ‘‘modular’’ perspective
modulo every power of 2. In particular, we employ certain facts about
modular forms with complex multiplication, and the general theory of
modular Galois representations to study Q(n). Before proceeding, we point
out an important preprint by Lovejoy [Lo] regarding the behavior of Q(n)
modulo odd primes p. His results clearly indicate that Q(n) behaves very
differently modulo odd primes p. In particular, he provides overwhelming
evidence that Theorem 1 below is not true for any prime other than p=2.
We begin with an elementary fact. By Euler’s Pentagonal Number
Theorem [An, Cor. 1.7], it is easy to see that
:

n=0
Q(n) qn= ‘

n=1
(1+qn)# ‘

n=1
(1&qn)# :

k=&
q(3k2+k)2 (mod 2).
In particular, we have that
Q(n)#{10 (mod 2)(mod 2) if n=
3k2+k
2
for some integer k,
otherwise,
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and so it is simple to see that
*[0nX : Q(n)#1 (mod 2]t8X3 . (1.2)
Obviously, Q(n) is ‘‘almost always’’ even. It turns out that this simple
observation is the first case of a much more general phenomenon. In a
recent paper, the first author and Gordon proved the following theorem
[G-O, Thm. 1]:
Theorem 1 (GordonOno). If j is a positive integer, then
Q(n)#0 (mod 2 j )
for a subset of non-negative integers n with arithmetic density one.
In view of Theorem 1, it is natural to consider the following question.
Question. If j is a positive integer and i  0 (mod 2 j ), are there
infinitely many integers n for which
Q(n)#i (mod 2 j )?
Using an observation due to Serre on the behavior of modular forms
modulo m, we solve this question by proving the following general result.
Theorem 2. If j is a positive integer and 1i2 j&1, then
*[0nX : Q(n)#i (mod 2 j )]>>i, j - X log X.
In view of (1.2), it is clear that it would be difficult to improve on
Theorem 2 for odd i. However, for even i one can typically make a substan-
tial improvement.
Theorem 3. If j is a positive integer and 2i<2 j is an even integer for
which there is a positive integer n such that
(i) 24n+1 is square-free and
(ii) Q(n)#i (mod 2 j ),
then
*[0nX : Q(n)#i (mod 2 j )]>>i, j X log X.
Since almost every Q(n) is a multiple of 2 j, it is clear that one cannot
substantially improve the estimate in Theorem 3.
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Example. Since Q(n) attains the values 2, 4, 6, 8, 10, and 12 with
positive integers n with 24n+1 square-free, Theorem 3 implies that if
i # [2, 4, 6, 8, 10, 12] and j is any positive integer, then
*[0nX : Q(n)#i (mod 2 j )]>>i, j X log X.
An examination of the proof of Theorem 3 illustrates, for every positive
integer j, that there is indeed a formula for Q(n) (mod 2 j ). In general, these
formulae are finite linear combinations of multiplicative functions arising
from certain explicit 2-adic Galois representations.
It seems that the last palatable formula occurs with modulus 8. Before
we state this formula, we need to define an auxilary character /. Let
K :=Q(- &6) and let F be the ideal in OK given by
F :=(12, 4 - &6). (1.3)
It turns out that (OK F)* has order 16 and is generated by the residue
classes 5, 7, and ; :=1+- &6 (which have orders 2, 2, and 4, respec-
tively). Define the character / on (OK F)* by
/(5)=&1, /(7)=1, and /(;)=i. (1.4)
Throughout this paper p shall denote a prime.
Theorem 4. If n is non-negative, then let N and M be the unique positive
integers for which
24n+1=N2M
with M squarefree. Moreover, define integers #, $5 , $11 , $13 , $17 and $19 by
# := ‘
p |% M and p#1 (mod 24)
(2 ordp (N )+1),
$i :={*[ p#5 (mod 24) : ordp (N )#2, 3 (mod 4) and p |% M]*[ p#i (mod 24) : ordp(N ) is odd and p |% M]
if i=5,
otherwise.
With these quantities, define the integer = by
= :=#5$53$115$137$173$19.
The residue of Q(n) (mod 8) is determined by the following rules.
(1) If M=1, then Q(n)#= (mod 8).
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(2) Suppose that M= p is prime, and ordp(24n+1)#1, 3 or 5 (mod 8).
If u and v are integers for which u2+6v2= p, then
Q(n)#=u } (ordp(24n+1)+1) /(u+v - &6) (mod 8).
(3) Suppose that M= p1p2 where p1 #p2 #i (mod 24) are distinct
primes with i # [1, 5] and ordp1(24n+1)#ordp2(24n+1)#1 (mod 4). Then
Q(n)#4 (mod 8).
(4) In all other cases we have that
Q(n)#0 (mod 8).
Corollary 5. If n is non-negative integer, then let N and M be the
unique positive integers for which
24n+1=N2M
with M squarefree. Then the following are true:
(1) If M=1, then Q(n) is odd.
(2) If M= p is prime and ordp(24n+1)#1 (mod 4), then Q(n)#
2 (mod 4).
(3) If M= p is prime and ordp(24n+1)#3 (mod 8), then Q(n)#
4 (mod 8).
(4) If M= p1p2 where p1 #p2 #i (mod 24) are distinct primes with
i # [1, 5] and ordp1(24n+1)#ordp2(24n+1)#1 (mod 4), then
Q(n)#4 (mod 8).
(5) In all other cases we have that
Q(n)#0 (mod 8).
In Section 2 we prove Theorems 2 and 3, and in Section 3 we obtain
Theorem 4 using the arithmetic of the ring Z[- &6].
2. PRELIMINARIES AND THE PROOFS OF THEOREMS 2 AND 3
As usual, let ’(z) denote Dedekind’s eta-function, given by the infinite
product
’(z) :=q124 ‘

n=1
(1&qn).
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(Note. q :=e2?iz throughout.) We shall assume that the reader is familiar
with basic facts from the theory of modular forms (see [K, M]).
Proposition 6. If j is a positive integer, then
\’
2(24z)
’(48z) +
2 j&1
#1 (mod 2 j ).
Proof. Since (1&X )2#1&X 2 (mod 2), it is easy to see that
’2(24z)
’(48z)
= ‘

n=1
(1&q24n)2
(1&q48n)
#1 (mod 2).
Therefore
’2(24z)
’(48z)
=1+2 :

n=1
a(n) qn=1+2g(z),
where the coefficients a(n) are integers. It is easy to see that
\’
2(24z)
’(48z) +
2
=_1+2 :

n=1
a(n) qn&
2
=[1+2g(z)]2
=1+4g(z)+4g2(z)#1 (mod 4).
The claim now follows immediately by induction. K
Using (1.1), it is easy to see that
:

n=0
Q(n) q24n+1=
’(48z)
’(24z)
. (2.1)
This function is a modular function with respect to the congruence sub-
group 10(1152). Although the distribution of the Fourier coefficients of
modular functions modulo m is typically difficult to determine, it turns out
that these coefficients modulo powers of 2 are determined by the coef-
ficients of integer weight cusp forms, and so are determined by Galois
representations. This follows from the next result, which is also proved in
[G-O].
Theorem 7. Let j3 be a positive integer. Then
Fj (z)= :

n=1
a j (n) qn :=
’(48z)
’(24z)
} \’
2(24z)
’(48z) +
2 j&1
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is a cusp form in the space S2 j&2(10(1152), /2), and it satisfies the following
congruence:
Fj (z)= :

n=1
a j (n) qn# :

n=0
Q(n) q24n+1 (mod 2 j ).
(Note. Here /2 denotes the Kronecker character for the quadratic field
Q(- 2).)
Proof. That the function Fj (z) satisfies the desired congruence follows
immediately from Proposition 6. It suffices to prove that Fj (z) is a cusp
form with respect to the congruence subgroup 10(1152) with Nebentypus
character /2 .
Let us briefly recall certain facts about eta-products of the form
f (z) := ‘
$ | N
’r($)($z), (2.2)
which may be found in [Bi, L]. If N is a positive integer for which
(i) $ | N $r($)#0 (mod 24) and
(ii) $|N Nr($)$ #0 (mod 24);
then
f \az+bcz+d+=/(d )(cz+d )k f (z)
for all ( ac
b
d ) # 10(N ), where the weight k and Nebentypus character / are
given by
k :=
1
2
:
$ | N
r($),
/(d ) :=\(&1)
k D
d + ,
with D :=>$ | N $r($). Using these facts, it is simple to deduce that F j (z)
satisfies the desired transformation properties.
Since the eta-function is non-zero on the upper half of the complex
plane, the zeros and poles of Fj (z) are supported at the cusps. However,
the order of an eta-product f (z) of the form (2.2) at a cusp cd with d | N
is given by the formula
N
24d(d, Nd )
:
$ | N
(d, $)2 r($)
$
.
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A simple calculation verifies that these orders are always positive for Fj (z),
and so Fj (z) is a cusp form. K
Remarks. The function Fj (z) is also a cusp form for j=1 and 2. If j=1,
then Fj (z)=’(24z), a weight 12 cusp form, and for j=2, Fj (z) is the
weight 1 form ’3(24z)’(48z) with character /&2 .
Proof of Theorem 2. Suppose that F(z)=n=1 a(n) q
n is an integer
weight cusp form with coefficients in Z. If m is a fixed positive integer, then
Serre [S, 6.4] proved that there is a set of primes, say Sm , of positive
density with the property that
a(npr)#(r+1) a(n) (mod m)
whenever p # Sm , r is a positive integer, and n is coprime to p.
Therefore, for each j3 there is a set of primes Sj with positive density
for which
aj (npr)#(r+1) a j (n) (mod 2 j ) (2.3)
whenever p # Sj , r is a positive integer, and n is coprime to p. Since
aj (1)#1 (mod 2 j ), let p0 be any fixed prime in S j , and for each integer
1i2 j, let ni be the positive integer
ni :=p i0 .
By Theorem 7 and (2.3) we have that
Q \ni&124 +#aj (ni)#i+1 (mod 2 j ).
Obviously, these 2 j values cover the residue classes modulo 2 j.
By Theorem 7 and (2.3) again, for all but finitely primes p # Sj we have
that
Q \nip
2&1
24 +#a j (n i p2)#3(i+1) (mod 2 j ).
In particular, for each such p the 2 j numbers aj (n ip2) cover all the residue
classes modulo 2 j. Since S j contains a positive proportion of the primes, it
now follows for each i that
*[0nX : Q(n)#i (mod 2 j )]>>i, j ?(- X)t2 - X log X. K
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Now we turn to the proof of Theorem 3. If F(z) :=n=1 a(n)
qn # Sk(10(M ), /) is a newform with Nebentypus character /, then the
Fourier coefficients a(n) are algebraic integers which generate a finite
extension of Q, say LF . If L is any finite extension of Q containing LF , and
if Ov is the completion of the ring of integers of L at any finite place v with
residue characteristic, say l, then by the work of Shimura, Deligne, and
Serre [Sh; D; DS] there is a continuous representation
\F, v : Gal(Q Q)  GL2(Ov)
for which
trace \F, v(frobp)=a( p) for all primes p |% Ml. (2.4)
Here frobp denotes any Frobenius element for the prime p. Theorem 3
essentially follows from the existence of these representations.
Proof of Theorem 3. Assume that j3 is an integer and that n0 is a
positive integer for which 24n0+1 is square-free and
Q(n0)#aj (24n0+1)#i (mod 2 j ).
By Theorem 7, Fj (z) is a cusp form of integer weight on 10(1152), and so
by the theory of newforms has a unique decomposition as
Fj (z)=F newj (z)+F
old
j (z)
with
F newj (z)= :
h
k=1
:k fk(z),
F oldj (z)= :
g
r=1
;rhr($rz),
where each fk(z)=n=1 bk(n) q
n and hr(z) is a newform with level dividing
1152 and each $r>1 is an integer dividing 1152. Moreover, each :k and ;r
is algebraic. Since aj (24n0+1)#i  0 (mod 2 j ) and (24n0+1, 1152)=1,
it must be that F newj (z) is not identically zero. Therefore, if (n, 24)=1, then
aj (n)= :
h
k=1
:k bk(n). (2.5)
Let L be a finite extension of Q containing the Fourier coefficients
of each fk(z) and the :k ’s. Let w be a place of L over 2 with ramification
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index e. Moreover, let Ow be the completion of the ring of integers of L at
the place w, and let * be a uniformizer for Ow . Let E be the positive integer
defined by
E := max
1kh
|ordw(:k)|, (2.6)
and consider the Galois representations associated to the newforms fk(z),
which we denote
\fk , w : Gal(Q Q)  GL2(Ow).
Now let \ be the product Galois representation defined by
\= 
h
k=1
\fk , w mod *
E+ej+1.
If the prime factorization of 24n0+1 is
24n0+1= p1 } } } pr ,
then the Chebotarev Density Theorem implies, for each 1dr, that
there are >>X log X primes q less than X for which \(frobq)=\(frobpd).
By (2.4), for such primes we have that
bk(q)#bk( pd) mod *E+ej+1
for all k. It follows from these observations and the multiplicativity of the
Fourier coefficients of newforms that there are >> Xlog X (log log X )
r&1 square-
free integers m=q1 } } } qr , m<X, such that
bk(m)#bk(24n0+1) mod *E+ej+1.
For any such m, it follows from (2.5) and (2.6) that aj (m)#aj (24n0+1)
mod *ej+1, and so has the property that
aj (m)#i (mod 2 j ). K
3. THE PROOF OF THEOREM 4
Let K, F, and / be as defined in the introduction (see (1.3) and (1.4)).
Denote also by / the extension of this character to the subgroup of K*
consisting of all elements prime to F. Now we define a Hecke character c
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of exponent 1 on the group IK (F) of fractional ideals of K prime to F as
follows: on principal ideals (:), set
c((:))=/(:) :. (3.1)
There are two ways to extend this to IK (F) (since Z[- &6] has class
number 2); we fix c once and for all by defining it to be
c(P)=- 2+- &3 (3.2)
on the nonprincipal ideal P=(5, - &6+2).
Theorem 8. Let F3(z)=n=1 a3(n) q
n be defined as in Theorem 7, and
let ,(z) be the newform with complex multiplication in S2(10(384), /2)
defined by
,(z)= :

n=1
b(n) qn := :
(I, F)=1
c(I) qN(I)
=q+2 - &3 q5&2 - 6 q7&4 - &2 q11&7q25&6 - &3 q29+ } } } ,
where the sum is over all integral ideals of OK prime to F. Then
a3(n)={b(n)0
if n#1 (mod 24),
otherwise.
Proof. By definition, it is easy to see that
b(n){0 O n#1, 5, 7, 11 (mod 24).
Let ,1(z)=n=1 b1(n) q
n be the modular form defined by
,1(z)= :

n=1
b1(n) qn :=
1
2
:

n=1 \b(n)+\
n
3+ b(n)+ qn. (3.3)
By [Ko, p. 127], it turns out that ,1(z) is in the space S2(10(3456), /2).
Similarly, let ,2(z)=n=1 b2(n) q
n be the modular form
,2(z)= :

n=1
b2(n) qn :=
1
2
:

n=1
(b1(n)+/&1(n) b1(n)) qn. (3.4)
By [Ko, p. 127] again, we have that ,2(z) is in the space S2(10(55296), /2),
and by (3.3) and (3.4) has the additional property that
b2(n)={b(n)0
if n#1 (mod 24),
otherwise.
148 ONO AND PENNISTON
Therefore, Theorem 8 is equivalent to the assertion that
,2(z)=F3(z).
This follows by checking that a3(n)=b2(n) for all n18432 (see for
instance [Mu]). K
In view of Theorems 7 and 8, Theorem 4 boils down to a computation
of b(n) (mod 8) for all n#1 (mod 24). To this end, we recall two essential
properties of the b(n). Since ,(z) is an eigenform of the Hecke operators,
we have that
b(n) b(m)=b(nm) if gcd(n, m)=1, (3.5)
and
b( pk+1)=b( p) b( pk)&/2( p) b( pk&1) p if p5 is prime and k0.
(3.6)
In view of (3.5) and (3.6), we begin by obtaining 2-adic information about
b( p) when p is prime. For convenience, we list all the values of / on
(OK F)* (recall that F=(12, 4 - &6) and (OK F)* is generated by the
classes of 5, 7, and ;=1+- &6).
Values of /
/(5070;0)=/(1)=1 /(5170;0)=/(5)=&1
/(5071;0)=/(7)=1 /(5171;0)=/(11)=&1
/(5070;1)=/(1+- &6)=i /(5170;1)=/(5+- &6)=&i
/(5071;1)=/(7+3 - &6)=i /(5171;1)=/(11+3 - &6)=&i
/(5070;2)=/(7+2 - &6)=&1 /(5170;2)=/(11+2 - &6)=1
/(5071;2)=/(1+2 - &6)=&1 /(5171;2)=/(5+2 - &6)=1
/(5070;3)=/(7+- &6)=&i /(5170;3)=/(11+- &6)=i
/(5071;3)=/(1+3 - &6)=&i /(5171;3)=/(5+3 - &6)=i
Proposition 9. Let p be a prime.
(1) If p#13, 17, 19 or 23 (mod 24), then
b( p)=0.
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(2) If p#1 (mod 24) and p=u2+6v2 where u and v are integers, then
b( p)=2/(u+v - &6) u.
(3) If p#7 (mod 24) and p=u2+6v2 where u and v are integers, then
b( p)=2/(u+v - &6) v - &6.
Proof. (1) If p#13, 17, 19 or 23 (mod 24), then ( &6p )=&1, and so p is
inert in OK . Hence OK has no ideals of norm p, and b( p)=0.
(2) Suppose p#1 (mod 24). Since p#1 (mod 6), there exist integers
u and v such that p=u2+6v2 (note that u is odd and v is even). Therefore
we have the factorization
pOK=(u+v - &6)(u&v - &6),
where both principal ideals have norm p. Hence
b( p)=/(u+v - &6)(u+v - &6)+/(u&v - &6)(u&v - &6).
Since v is even, the table of values of / indicates that /(u\v - &6) #
[&1, 1]. Moreover, /(u+v - &6) /(u&v - &6)=/( p)=/(1)=1. Thus
/(u+v - &6)=/(u&v - &6), and so b( p)=2/(u+v - &6) u.
(3) Suppose p#7 (mod 24). As in (2) there exist integers u and v
with p=u2+6v2 (note that here u and v are both odd). Since v is odd,
/(u \ v - & 6) # [& i, i]. Also, /(u + v - & 6) /(u & v - & 6) = /( p) =
/(7)=1. Thus /(u+v - &6)=&/(u&v - &6), and b( p)=2/(u+v - &6) v
- &6 . K
Corollary 10. Let p be a prime and let T :=Z[- 6 ].
(1) If p#13, 17, 19 or 23 (mod 24), then b( p)#0 (mod 8).
(2) If p#1 (mod 24), then b( p)#2 (mod 4).
(3) If p#7 (mod 24), then b( p)#2 - 6 (mod 4T ).
Proof. For (2) and (3) recall that in the proof of Proposition 9, we
showed that if p=u2+6v2, then /(u+v - &6) # [&1, 1] when p#1
(mod 24) and /(u+v - &6) # [&i, i] when p#7 (mod 24). K
We now consider the b( p) for primes p#5, 11 (mod 24). To study these
cases, we require the following result which is interesting on its own.
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Theorem 11. Let p#5 or 11 (mod 24) be prime. There are integers x
and y for which
x2+24y2= p2.
Moreover, there are integers x and y for which
x2+96y2= p2
if and only if p#11 (mod 24).
Proof. Since ( &6p )=1, we have that
pOK=P1P2 .
Since p#5 (mod 6), it is easy to see that p is not represented by x2+6y2,
and so the Pi are not principal. Now, Z[- &6 ] has class number 2,
so P2i is principal. Hence there exist nonzero integers u and v with
P21=(u+v - &6) and P22=(u&v - &6), i.e., p2=u2+6v2. Since p2#
1 (mod 24), v is even and p2=u2+24(v2)2.
Let M be the ring class field of the order Z[- &96 ], which has conduc-
tor 4 in the maximal order OK=Z[- &6 ]. Then [M : K]=h(&384)=8,
and M=K( j(- &96)). Furthermore, M contains L=K(- 2 , - 3), the ring
class field of Z[- &24 ]. Let Q be a prime ideal of OM above p, write k :=
OM Q for the residue field, and let fp :=[k : Fp] be the residue degree
(recall that this degree is independent of the choice of Q, since MQ is
Galois). Denote the Artin map [ MK} ] : H(&384)  Gal(MK ).
Since ( 2p)=&1 and - 2 # M, we have that 2 | fp . Moreover, since - 3,
- &6 # Fp2 and M is a quadratic extension of L=Q(- 2, - 3, - &6), it
follows that fp=2 or 4. Furthermore,
p2 is represented by x2+96y2  _MKQ &
2
=1  fp=2. (3.7)
Thus we must study the quadratic extension M=L( j (- &96))L.
If f1(z) :=’(z2)’(z) is the usual Weber function, then
j(- &96)=\f1(- &96)
24+16
f1(- &96)8 +
3
(see, for example, [C, p. 257]). Write
(a; q)= ‘

i=0
(1&aqi ),
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and for a positive rational number n define
Gn :=2&14q&124n (&qn ; q
2
n) and gn :=2
&14q&124n (qn ; q
2
n) ,
where qn :=exp(&? - n). By [Be, pp. 183 and 187] we have
f1(- &24)=214 g24 , f1(- &96)=214g96 ,
as well as
(g24 G24)8 (G 824& g
8
24)=14
and
g96=214g24G24 .
Using these relations we find that
M=L( j(- &96))=L( f1(- &24)12 - f1(- &24)24+64 ).
Using Weber’s [W, p. 722] evaluation
f1(- &24)24=29(1+- 2)2 (2+- 3)3 (- 2+- 3)3,
we find that
M=L(- (2+- 3)(- 2+- 3)(8(1+- 2)2 (2+- 3)3 (- 2+- 3)3+1) ).
We are studying fp=[k : Fp], so let us work in the residue field
k=OM Q. We know that Fp2 /k. We will use the fact that
# # Fp 2 is a square in Fp 2  NFp 2 Fp(#) is a square in Fp .
First consider 2+- 3. If p#5 (mod 24), then ( 3p)=&1, and so
NFp 2 Fp(2+- 3)=(2+- 3)(2&- 3)=1.
If p#11 (mod 24), then ( 3p)=1, and so
NFp 2 Fp (2+- 3)=(2+- 3)
2.
In either case, 2+- 3 is a square in Fp 2 .
Now consider
$ :=8(1+- 2)2 (2+- 3)3 (- 2+- 3)3+1
=18873+13344 - 2+10896 - 3+7704 - 6 .
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If p#5 (mod 24), then ( 2p)=(
3
p)=&1. Hence
NFp2 Fp($)=(18873+13344 - 2+10896 - 3+7704 - 6)
_(18873&13344 - 2&10896 - 3+7704 - 6)
=6705+2736 - 6=(57+24 - 6)2.
If p#11 (mod 24), we similarly find that
NFp 2 Fp($)=124209+71712 - 3=(249+144 - 3)
2.
So $ is a square in Fp2 in either case.
Finally, consider - 2+- 3. If p#5 (mod 24), then as above,
NFp 2Fp (- 2+- 3)=&(- 2+- 3)
2.
Since - 2+- 3  Fp and ( &1p )=1, it follows that - 2+- 3 is not a square
in Fp2 . If p#11 (mod 24), then
NFp 2 Fp (- 2+- 3)=(- 2+- 3)(&- 2+- 3)=1,
and therefore - 2+- 3 is a square in Fp2 .
We have shown that (2+- 3)(- 2+- 3) $ is a square in Fp 2 exactly
when p#11 (mod 24). Thus fp=2 if and only if p#11 (mod 24). This
completes the proof by (3.7). K
Using Theorem 11 we prove:
Proposition 12. If p#5 or 11 (mod 24) is prime and u and v are
integers for which
p2=u2+6v2,
then
b( p)2=2(/(u+v - &6) u& p).
Proof. Retain the notation from the proof of Theorem 11, so we have
pOK=P1P2 , and nonzero integers u and v such that P21=(u+v - &6),
P22=(u&v - &6). Then OK has three ideals of norm p2, namely P21 , P22
and ( p). Hence
b( p2)=/(u+v - &6)(u+v - &6)+/(u&v - &6)(u&v - &6)+/( p) p.
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Recall that v is even, which implies (using the table of values of /) that
/(u\v - &6) # [&1, 1]. Furthermore
/(u+v - &6) /(u&v - &6)=/( p2)=/(1)=1.
Thus /(u+v - &6)=/(u&v - &6), and so
b( p2)=2/(u+v - &6) u+/( p) p.
Then by (3.6),
b( p)2=b( p2)+/2( p) p=2/(u+v - &6) u+/( p) p+/2( p) p
=2(/(u+v - &6) u& p). K
Using Proposition 12 we obtain the following result.
Proposition 13. Let p#5, 11 (mod 24) be prime.
(1) If p#5 (mod 24), then
b( p)=2t - &3
for some integer t coprime to 6.
(2) If p#11 (mod 24), then
b( p)=4t - &2
for some integer t not divisible by 3.
Proof. Retain the notation from the proof of Proposition 12. Recall
that v is even. Since 6v2=( p&u)( p+u) and the greatest common divisor
of p&u and p+u is 2, it follows that either
[ p&u, p+u]=[6r2, s2] with r odd, s even and not divisible by 3,
(3.8)
or
[ p&u, p+u]=[3r2, 2s2] with r even and s coprime to 6. (3.9)
Suppose p#5 (mod 24). We claim that u#1or 11 (mod 12). To see this,
note that if u#5 (mod 12), then p+u#10 (mod 12), and if u#7 (mod 12),
then p&u#10 (mod 12); but none of the numbers in the sets in (3.8)
and (3.9) can be congruent to 10 modulo 12. Next, by Theorem 11, v is
not divisible by 4. Combining these facts with the table of values of /, we
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find that /(u+v - &6) u#11 (mod 12), and hence p&/(u+v - &6) u#
6 (mod 12). Recalling that /(u+v - &6) # [&1, 1], we have that
p&/(u+v - &6) u is equal to one of p&u, p+u. By inspection of (3.8)
and (3.9) we conclude that /(u+v - &6) u& p=&6r2 for some r coprime
to 6. Then by Proposition 12, b( p)2=&12r2 and we have our result.
Now suppose p#11 (mod 24). Again using that neither p&u nor p+u
is congruent to 10 modulo 12, we get that u#5or 7 (mod 12). By
Theorem 11, 4 | v. We find that /(u+v - &6) u#7 (mod 12), and hence
p&/(u+v - &6) u#4 (mod 12). Recalling that /(u+v - &6) # [&1, 1],
we have that p&/(u+v - &6) is equal to p&u or p+u. Inspection of
(3.8) and (3.9) gives us that /(u+v - &6) u& p=&s2, where s is even
and not divisible by 3. Now we claim that u#3 or 5 (mod 8). To see this,
note that if u#1 (mod 8), then ord2(6v2)=ord2( p&u)+ord2( p+u)=3,
which is false since 4 | v; by a similar argument u is not congruent to 7
modulo 8. It follows from the table of values of / that /(u+v - &6) u#
3 (mod 8). Hence /(u+v - &6) u& p#0 (mod 8), which implies that s is
divisible by 4. Since b( p)2=&2s2 by Proposition 12, we have our
result. K
By combining (3.6) with Propositions 9, 12, and 13 and Corollary 10, it
is straightforward but tedious to obtain the following result.
Theorem 14. Let R=Z[- &2], S=Z[- &3], T=Z[- 6], and let
p5 be prime.
(1) If p#1 (mod 24), then
b( pk)#{k+1 (mod 8) if k is even or b( p)#2 (mod 8),&(k+1) (mod 8) otherwise.
(2) If p#5 (mod 24), then
1 (mod 8) if k#0, 2 (mod 8),
b( pk)={5 (mod 8) if k#4, 6 (mod 8),(k+1) - &3 (mod 4S) if k is odd.
(3) If p#7 (mod 24), then
b( pk)#{1 (mod 8)(k+1) - 6 (mod 4T )
if k is even,
if k is odd.
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(4) If p#11 (mod 24), then
b( pk)#{
3k2 (mod 8)
if k is even,
2(k+1) - &2 (mod 8R)
if k is odd and b( p)#4 - &2 (mod 8R),
0 (mod 8R)
if k is odd and b( p)#0 (mod 8R).
(5) If p#13 (mod 24), then
b( pk)#{5
k2 (mod 8)
0 (mod 8)
if k is even,
if k is odd.
(6) If p#17 (mod 24), then
b( pk)#{7
k2 (mod 8)
0 (mod 8)
if k is even,
if k is odd.
(7) If p#19 (mod 24), then
b( pk)#{3
k2 (mod 8)
0 (mod 8)
if k is even,
if k is odd.
(8) If p#23 (mod 24), then
b( pk)#{1 (mod 8)0 (mod 8)
if k is even,
if k is odd.
Using (3.5) and Theorems 7, 8, and 14, Theorem 4 follows immediately.
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